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ABSTRACT. This article surveys a method of matched asymptotic expansion which (at
least formally) reduces singularly perturbed parabolic systems describing phase separation to
related interfacial dynamics. In particular, it is shown that the mean curvature flow is a singular
limit of the Allen-Cahn equation and that the classical two phase Stefan problem is a singular




. ( ) ( )
,
. 2 , .
, – (grain
boundary) , 2 ,
,
.
$(\mathrm{M}\mathrm{C})V=-\kappa$ , $x\in\Gamma(t),$ $t>0$
(2 ) Stefan
(St) $\{$
$u_{t}=\Delta u$ , $x\in\Omega_{+}(t)\cup\Omega_{-}(t),$ $t>0$
$u=0$ , $\lambda V=-[\frac{\partial u}{\partial N}]_{-}^{+}$ , $x\in\Gamma(t),$ $t>0$
. , $t$
$\Gamma(t)$ $R^{n}$ $\Omega$ ( ) ,
$\Omega_{+}(t),$ $\Omega_{-}(t)$ . , $\Gamma(t)$ $x$ ,
$N=N(x, t)$ $x$ $\Gamma(t)$ ( $\Omega_{-}(t)$ $\Omega_{+}(t)$
), $V=V(X, t)$ $x$ $\Gamma(t)$ $N(x, t)$ , $\kappa=\kappa(X, t)$ $x$
$\Gamma(t)$ ($n-1$ ), $[\partial u/\partial N]_{-}^{+}(X, t)$ $u$ $N(x, t)$
$x$ $\Omega_{+}(t)$ $\Omega_{-}(t)$
. , $N(x, t)$ – $\Gamma(t)$ ,
$\kappa=\mathrm{d}\mathrm{i}\mathrm{v}_{x}N$ $\lambda.\mathrm{t}$ . , $\Omega_{+}(t)$ $\kappa$ .
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, ( ) ( )
+0 , ( ) $0$ ,
,
. , Allen-Cahn , 2 Stefan
phase field .
( ) (the
methods of matched asymptotic expansion) . ,
. ,
Allen-Cahn Chen [16], Evans-Soner-Souganidis [19],
Barles-Soner-Souganidis [14], $\mathrm{D}\mathrm{e}\mathrm{M}_{0}\mathrm{t}\mathrm{t}\mathrm{o}\mathrm{n}\mathrm{i}$-Schatzman[18] .




phase field 2 Stefan .
Allen-Cahn phase field , $\epsilon$
( )





. , $\Omega$ $R^{n}$ , ($y,$ $\lambda$ ,
$f(\phi)$ ,
2
$\mathrm{f}1)$ $-1<a<1,$ $f(\pm 1)=f(a)=0$ ,
$f(\phi)>0$ for $\phi\in(-\infty, -1)\cup(a, 1)$ , $f(\phi)<0$ for $\phi\in(-1, a)\cup(1, +\infty)$ ;















. , $(\mathrm{A}\mathrm{C})$ $(\mathrm{M}\mathrm{C})$ , $(\mathrm{A}\mathrm{C})$
( ) ,
. , \S 2 $\lim_{\epsilonarrow+0}(\mathrm{A}\mathrm{C})=(\mathrm{M}\mathrm{C})$
, \S 3
.
. . , [11, Chapter 1],
[17], [3, 1 \S 4.3 . 5 ] ,
.
, $(\mathrm{A}\mathrm{C}),$ $(\mathrm{M}\mathrm{C}),$ $(\mathrm{P}\mathrm{F})$ , (St)
.
Allen-Cahn $(\mathrm{A}\mathrm{C})$ 2
, – ( ,
) ( )
– . $\phi=\phi(X, t)$ ( )
.




. $W(\phi)$ ( ) $\phi=\pm 1$ ,





( $\emptyset$ ) . $F(\phi)$
$\Omega$ , ( $\Omega$
Neumann ) $\phi$ $(\mathrm{A}\mathrm{C})$ . ([5], [4]
. )
$(\mathrm{M}\mathrm{C})$ ,
Mullins [12] . , $(\mathrm{M}\mathrm{C})$ $(\mathrm{A}\mathrm{C})$
– (grain boundary)
. $(\mathrm{A}\mathrm{C})$ grain boundary $\epsilon$ ,
, $(\mathrm{M}\mathrm{C})$ grain boundary O
, ($\phi=-1$ $\phi=1$ ) .
phase field $(\mathrm{P}\mathrm{F})$
,
. $\phi=\phi(X, t)$ , $u=u(X, t)$ . , $\phi$ 1





, $\tilde{W}(\phi;u)$ $\phi=h_{+}(u)$ ( ) $\phi=h_{-}(u)$
( ) $u>0$ $h_{+}(u)$ ( ) , $u<0$ $h_{-}(u)$ ( )
. $(\mathrm{P}\mathrm{F})$ , $\lambda$
. ,
$u+2^{-1}\lambda\phi$ . , $\alpha$
: $\alpha$ $\phi$ $u$
.
4
2 Stefan (St) ,
, O . ,
, Stefan
( ). $(\mathrm{P}\mathrm{F})$ $\phi$ $u$
, (St) ($\phi=-1$ $\phi=1$ )
$(-\nabla_{x}u)$ . ( $u$ .)
2. $=$ $\mathrm{A}_{\mathrm{L}\mathrm{L}\mathrm{E}}\mathrm{N}-\mathrm{c}_{\mathrm{A}}\mathrm{H}\mathrm{N}$
$(\mathrm{A}\mathrm{C})$ , $\epsilonarrow+0$
$\Gamma(t)$ $(\mathrm{A}\mathrm{C})$ $\Gamma(t)$ +1 $-1$
. , $\Gamma(t)$ $(\mathrm{M}\mathrm{C})$ .





(1) $\nabla\phi^{*}\neq 0$ on $\Gamma^{*}$
. $\phi^{*}$ $(\mathrm{A}\mathrm{C})$ $\phi=\emptyset(X, t,\cdot\epsilon)$ .
$\phi(x, t;\epsilon)$ $x,$ $t,$ $\epsilon$ .
2.1. : . (1) $\mathrm{f}4$) , $\epsilon$
$|f(\phi^{*})|>>\epsilon^{2}|\triangle\emptyset^{*}|$
$\Omega_{\pm}^{*}$ ,
$t\approx \mathrm{O}$ , $t\approx \mathrm{O}$ $-j\mathrm{s}$
$T=_{\epsilon}-_{2}-$
$(\mathrm{A}\mathrm{C})$ . $\triangle\phi(x, \epsilon^{2}\tau,\cdot\epsilon)=o(\epsilon^{-2})$
$\phi_{T}=\epsilon\Delta 2\phi+f(\phi)\approx f(\phi)$
, , $\phi(X, \epsilon^{2}T;\epsilon)\approx\tilde{\phi}(x, T)$ . , $\tilde{\phi}$
$\phi_{T}=f(\phi)$ ,
$\tilde{\phi}|_{T=0^{=}}\phi*$
. $\mathrm{f}1$ ) ,
$\lim_{Tarrow\infty}\tilde{\phi}(_{X,T})=\{$
$+1$ if $x\in\Omega_{+}^{*}$ ,
$-1$ if $x\in\Omega_{-}^{*}$ ,
5
. , $T_{\epsilon}^{*}=o(|\log\epsilon|)$ $\Gamma^{*}$ O(\epsilon )- $\Omega_{\epsilon}^{*}$
,
$\tilde{\emptyset}(x, \tau)=\pm 1+O(\epsilon^{|f’(\pm 1)|})$ for $x\in\Omega_{\pm}^{*}\backslash \Omega_{\epsilon}^{*}$ , $t>T_{\epsilon}^{*}$
. , $\epsilon$ ,
$\phi(x, \epsilon^{2}|\log\epsilon|;\epsilon)\approx\pm 1$ for $x\in\Omega_{\pm}^{*}\backslash \Omega_{\epsilon}^{*}$
. ( ,
. [16, Theorem 1] . )
, $(\mathrm{A}\mathrm{C})$ $\phi(x, t;\epsilon)$ , $\Omega$ –
$\Omega_{+}^{*}\backslash \Omega_{\epsilon}^{*},$ $\Omega_{-}^{*}\backslash \Omega_{\epsilon}^{*}k\phi$ -1 +1 $\Omega_{\epsilon}^{*}$
. $\Omega_{\epsilon}^{*}$ (internal transition layer) .
22. 2 . 2 $O(\epsilon)$
, $O(\epsilon)$ $\phi$ -1 +1
,
$|\triangle\phi|\approx\epsilon^{-2}$ , $f(\phi)=O(1)$
, Laplacian . , $o(\epsilon)$
. ,
. , $\triangle\emptyset=o(\mathit{6}^{-2}|f(\emptyset)|)$ ,
Laplacian , $f(\phi)$ $\phi$ \pm 1
. , $\epsilon^{2}\Delta\phi$ $f(\phi)$ ,






. , $\phi$ ,
.
, $\phi$ – +1 ( -1) $\phi$ $\epsilon$
( :outer expansion) ,
$\phi$ $\epsilon$ ( :innner
expansion) , $\Omega$ $\phi$ ( ) (
; match ) , (matched
asymptotic expansion) .
6
22.1. Outer expansion. lsErpp\emptyset v Vb U $\phi(x, t;\epsilon)$ $\epsilon$ allE $\sum_{j=0}^{\infty}\epsilon^{j}\phi_{j}(X, t)$
. , $m$
$\phi(x, t;\epsilon)-\sum_{0j=}^{m}\epsilon^{j}\emptyset j(x, t)=O(\epsilon)m+1$
– . $\phi_{j}(x, t)$
( ). $\phi_{j}(x, t)$ $x,$ $t$ , $\epsilon$ $o(\epsilon)$
–
$\phi_{j}(x, t)=o(\epsilon^{-1})$
, $\epsilon$ . , $\phi(x, t;\mathcal{E})$
$x,$ $t,$ $\epsilon$ , $(x, t)$
, $\Omega$ . ,
$O(\epsilon)$ $\epsilonarrow+0$ ,
$\lim_{\epsilonarrow 0}\phi$ ( $-1$ +1 ) . $x$
$\phi(x, t;\epsilon)-\phi \mathrm{o}(X,$ $\text{ }$ $0$ , $\phi_{0}(x, t)$
. ( , $\phi_{0}$
. )
, $\sum_{j=0^{\epsilon}}^{\infty}j\phi_{j}(X, t)$ $(\mathrm{A}\mathrm{C})$ , $\epsilon$
$(\mathrm{A}\mathrm{C})$ – , $\phi_{j}$ : $O(\epsilon^{0})$ ,
(2) $f(\phi_{0})=0$ ;
$O(\epsilon^{1})$ ,
(3) $f’(\phi 0)\emptyset 1=0$ ;
$O(\epsilon^{2})$ ,
(4) $f’(\emptyset 0)\phi_{2}=(\phi 0)_{t}-\triangle\phi_{0-_{\overline{2}}f’’}\perp(\emptyset 0)\phi_{1}2,\cdot$
$O(\epsilon^{3})$ ,
(5) $f’( \emptyset 0)\emptyset 3=(\phi_{1})t-\triangle\phi_{1^{-}}f\prime\prime(\phi 0)\phi 1\phi 2-\frac{1}{3!}f’\prime r(\emptyset 0)\phi_{1}^{3}$;
. $O(\epsilon^{k})$







(2) 3 $0,$ $\pm 1$ , 2
$\emptyset(x, t;\epsilon)\approx 1$ $\emptyset(x, t;\epsilon)\approx-1$ , $\phi_{0}\neq 0$
. , $\Omega$ 3 $\Omega_{+}(t),$ $\Omega_{-}(t),$ $\Gamma(t)$
$\Omega_{\pm}(t):=\{_{X\in\Omega|}\phi_{0}(X, t)=\pm 1\}$ $\Gamma(t):=\overline{\Omega\backslash (\Omega_{+}(t)\cup\Omega_{-(t}))}$
. 2 $\Gamma(t)$ $\epsilon$ $O(\epsilon)$
, ( ) $\mathrm{r}_{\Gamma(}t$ ) $n-1$
, $t$ , $\partial\Omega$ . ,
$t$ $\Gamma(t)$ $\Omega$ , $\Omega_{\pm}(t)$
, $\Omega_{\pm}(t)$ ( ) .
, – $\Gamma(t)$
.
f2) , $\Omega_{\pm}(t)arrow$ $f’(\phi 0)=f’(\pm 1)<0$ , (3), (4), (5), . . .
$\Omega_{\pm}(t)$ , $\phi_{1}=0,$ $\phi_{2}=0,$ $\phi_{3}=0,$ $\ldots$ .
,





(Allen-Cahn (2), (3), (4), . . . )
, ( )
, – ( ) ,
. (\S 3 . )
222. Inner expansion. , $\lim_{\epsilonarrow 0}\phi(\cdot).;\epsilon)=\phi 0$ $\Gamma(t)$
, $\phi_{0}$ $\Gamma(t)$ ( ) $\phi(\cdot, t;\epsilon)$
. , $\Gamma(t)$
$(\mathrm{A}\mathrm{C})$ . , $\Gamma(t)$ $\mathrm{c}^{\Gamma^{-1}}$
, $\emptyset(\cdot, t, \epsilon)$ .
– $t^{*}$ $x^{*}\in\Gamma(t^{*})$ – . $R^{n+1}$
$(x^{*}, t^{*})$ : $(x, t)arrow(\rho, \sigma, t)$ . $x$ $\Gamma(t)$
$\overline{x}$ , $x$ $\Gamma(t)$ $d(x, t)$
$d(x, t):=\pm|x-\overline{x}|$ for $x\in\Omega_{\pm}$
. $N=N(\overline{X}, t)$ $\overline{x}$ $\Gamma(t)$ , $d(\cdot, t)$
( $\Omega_{-}(t)$ $\Omega_{+}(t)$ ) . , $\rho:=\epsilon^{-1}d(X, t)$ , $\overline{x}$
8
$\Gamma(t)$ $\sigma=\sigma(\overline{x}, t)=(\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n-1})$ . ,
$\sigma$
$R^{n-1}$ $(\sigma_{1}, \sigma_{2}, \ldots, \sigma_{n-1})$ – . , $(x^{*}, t^{*})$
: $(x, t)arrow(\rho, \sigma, t)$ $\emptyset(x, t;\epsilon)$ $\Phi(\rho, \sigma, t;\epsilon)$
, :
(7) $\phi_{t}$ $=$ $\partial_{t}\Phi+\frac{1}{\epsilon}d_{t}\partial\Phi+\rho\sum_{=j1}^{-}(\sigma_{j})t\partial n1\Phi\sigma_{j}$’
(8) $\nabla_{x}\phi=$ $\frac{1}{\epsilon}\partial_{\rho}\Phi\nabla_{x}d+\sum_{=j1}\partial_{\sigma_{j}}\Phi\nabla x\sigma n-1j$ ’
(9) $\triangle_{x}\phi=$ $\frac{1}{\epsilon^{2}}|\nabla_{x}d|2\partial_{\rho\rho}2\Phi+\frac{1}{\epsilon}((\triangle_{x}d)\partial_{\rho}\Phi+2\sum_{=j1}^{-}\langle\nabla xd, \nabla_{xj}\sigma\rangle\partial_{\beta}^{2}\sigma j\mathrm{I}n1\Phi$
$+(_{j,k} \sum_{=1}^{n-}\langle\nabla_{xj}\sigma, \nabla x\sigma k\rangle\partial^{2}\Phi+\sum_{=j1}(\triangle x\sigma j)\partial\sigma j\Phi \mathrm{I}1\sigma j\sigma_{k}n-1$
$=$ $\frac{1}{\epsilon^{2}}|\nabla_{x}d|^{2}\partial^{2}\Phi+\frac{1}{\epsilon}(\rho\rho xd)\triangle\partial\Phi+\rho\Lambda \mathrm{r}d\Phi$ .
, $(\cdot)_{t},$ $\nabla_{x},$ $\triangle_{x}$ $(x, t)$
$\rangle$
$\partial_{t,\sigma_{j}}\partial_{\rho},$
$\partial$ , $\partial_{\rho\rho}^{2},$ $\partial_{\rho\sigma_{j}}^{2}$ , $\partial_{\sigma_{j}\sigma_{k}}^{2}$
$(\rho, \sigma, t)$ , $\nabla_{x}d$ \nabla x .
,
$\Lambda_{\Gamma^{d}}:=\sum_{j,k=1}^{n-1}\langle\nabla_{xj}\sigma, \nabla x\sigma k\rangle\partial_{\sigma\sigma_{k^{+}}}^{2}\sum_{1}j\sigma n-j=1\Delta xj\partial\sigma_{j}$
$\Gamma^{d}(t):=\{y+dN(y, t)|y=y(\sigma, t)\in\Gamma(t)\}$ Laplace-Beltrami .
, $(\mathrm{A}\mathrm{C})$ , $(x^{*}, t^{*})$ $\Gamma(t)$ ,
$(\mathrm{A}\mathrm{C})’$
$\epsilon^{2}\partial_{t}\Phi+\epsilon d_{t\rho}\partial\Phi+\epsilon 2\sum(\sigma_{j})_{t\sigma}\partial\Phi=|\nabla xd|^{2}\partial_{\rho}^{2}\Phi+\epsilon(\rho x)\triangle d\partial_{\rho}\Phi+\epsilon^{2}\Lambda\Gamma d\Phi+f(\Phi)nj=1-1j$
. , $\Phi(\rho, \sigma, t;\epsilon)$ $\rho$ $-\infty<\rho<+\infty$
. ( . , $\Gamma(t)$
, $d(x, t)$ $\Gamma(t)$ $O(1)$ - $\Omega_{1}(t)$ ,
$\rho=\rho(X, t;\epsilon)$ $O(\epsilon^{-1})$ . ,
$\phi_{j}$ $x$ $\overline{\Omega_{+}(t)}$ $\overline{\Omega_{-}(t)}$ ,
$\Phi(\rho, \sigma, t;\epsilon)$ $\epsilon$ $-\infty<\rho<+\infty$
, .) , $\sigma$
, $\rho$ .
9
$(\mathrm{A}\mathrm{C})’$ $\Phi(\rho, \sigma, t;\epsilon)$ $\epsilon$ $\sum_{j=0^{\epsilon^{j}}}^{\infty}\Phi_{j}(\rho, \sigma, t)$
( $\rho,$ $\sigma,$ $\text{ }$ . , $l$
$\Phi(\rho, \sigma, t;\epsilon)-\sum_{0j=}^{\iota}\epsilon^{j}\Phi j(\rho, \sigma, t)=O(\in^{l+})1$
, ( $\sigma,$ $\text{ }$ ( ) $\rho$ $-R<\rho<R$ ,
. , $R=R(\epsilon, l)$ $\lim_{\epsilonarrow 0}R(\epsilon, \iota)=+\infty$
. $(\mathrm{A}\mathrm{C})’$ $\epsilon$ .




(10) $x=x(\rho, \sigma, t;\epsilon)=\overline{x}(\sigma, t)+\epsilon\rho N(\overline{x}(\sigma, t\mathrm{I})$
, $\rho,$ $\sigma,$ $t$ $x,$ $t$ $x$ $\epsilon$
. ,
(11) $\{$
$(\nabla_{x}d)(X, t)=N(\overline{x}, t)$ ,
$|(\nabla_{x}d)(x, t)|=1$ ,
$d_{t}(x, t)=-V(\overline{x}, t)$ ,
$(\triangle_{x}d)(X, t)=(\triangle_{\overline{x}}d)(\overline{X}, t)+O(d(X, t))=\kappa(\overline{x}, t)+O(\epsilon\rho)$
. $V(\overline{x}, t)$ $\overline{x}\in\Gamma(t)$ $\Gamma(t)$ $N(\overline{x}, f)$




. ( , $\rho$ $O(\epsilon^{-2})$ .) , $\rho$ $o(\epsilon^{-1})$
, $O(\epsilon:)1$
(13) $\partial_{\rho\rho}^{2}\Phi_{1}+f;(\Phi 0)\Phi_{1}=-(V+\kappa)\partial\Phi\rho 0$
. $\rho$ $o(\epsilon^{-1/2})$ , $O(\Xi^{2})$ $\Phi_{2}$
, $\rho$ $o(\epsilon^{-1/3})$ , $O(\epsilon^{3})$ $\Phi_{3}$
, . . . . $\Phi_{j}(j\geq 1)$
$\partial_{\rho\rho}^{2}\Phi_{j}+f’(\Phi_{0})\Phi_{j}=$ ( $\Phi_{0},$ $\Phi_{1},$
$\ldots,$
$\Phi_{j-1}$ $\rho,$ $\sigma,$ $t$ )
, $\sigma$ $t$ , $\rho$
. , $\epsilon$ . ,
$l$ $0<L<1/l$ $L$ $-$ , $\Phi_{j}(0\leq j\leq l)$
$\epsilon j$ $-\epsilon^{-L}<\rho<\epsilon^{-L}$ , ,
$-\infty<\rho<+\infty$ .
10
223. Matching. $\Phi_{j}$ $-\infty<\rho<+\infty$
( ) ,
. , , (Fredholm
) .
, ,
. , $\Omega$ $\phi(x,$ $t;\epsilon_{\ovalbox{\tt\small REJECT}}1$
$\Omega_{\pm}(t)$ ( )
. , -



















(14) $\Phi_{0}(\rho, \sigma, t)$ $=$ $\phi_{0}(\overline{x}\pm \mathrm{o}N, t)+o(1)$ ,
(15) $\Phi_{1}(\rho, \sigma, t)$ $=$ $\phi_{1}(\overline{x}\pm 0N, t)+\beta\frac{\partial\phi_{0}}{\partial N}(\overline{x}\pm 0N, t)+o(1)$ ,
(16) $\Phi_{2}(\rho, \sigma, t)$ $=$ $\phi_{2}(\overline{x}\pm 0N, t)+\beta^{\frac{\partial\phi_{1}}{\partial N}}(\overline{X}\pm 0N, t)+\frac{\rho^{2}}{2}\frac{\partial^{2}\phi_{0}}{\partial N^{2}}(_{\overline{X}}\pm \mathrm{o}N, t)+o(1)$ ,
as $\rhoarrow\pm\infty$ .
, , , $\Gamma(t)$
$x=\overline{x}+\epsilon\rho N$ , $\overline{\Omega_{+}(t)}$ $\overline{\Omega_{-}(t)}$ $\epsilon$
11
Taylor
$\phi(x, t;\epsilon)$ $\approx$ $\sum_{k=0}^{\infty}\epsilon^{k}\phi_{k}(\overline{x}+\epsilon\rho N, t)$ .
$=$ $\sum_{k=0}^{\infty}\epsilon\sum_{l=}^{\infty}k0\frac{(\epsilon\rho)^{l}}{l!}\frac{\partial^{l}\phi_{k}}{\partial N^{\ell}}(\overline{x}\pm \mathrm{o}N, t)$
$=$ $\sum_{j=0}^{\infty}\epsilon^{j}\sum_{l=0}j\frac{\rho^{l}}{l!}\frac{\partial^{l}\phi_{j-}\iota}{\partial N^{l}}(\overline{X}\pm 0N)$ for $x\in\overline{\Omega_{\pm}(t)}$
$\Phi(\rho, \sigma, t;\epsilon)\approx\sum_{j=0}\epsilon^{j}\infty\Phi j(\rho, \sigma, t)$
$p$ $\epsilon$ – .
, $\rho$ - , $m$
$0<\mu<1/m$ $\mu$ , $\rho\approx\epsilon^{-\mu}$ $\rho$ $m$
– . ( $\rho$ $\epsilon\rho^{m}=o(1)$ ,
$m$ $\rho$ $o(\epsilon^{-1})$ ,
– . , $d(x, t)\approx\epsilon^{1\mu}-=0(1)$ . )
, (14), (15) $,(16),$ $\ldots$ ,
$\Phi_{0}(\pm\infty, \sigma, t)=\pm 1$ , $\Phi_{j}(\pm\infty, \sigma, t)=0$ $(j\geq 1)$
. $\Phi_{0,1}\Phi,$ $\Phi_{2},$ $\ldots$
.
, (12) $\Phi_{0}|_{\rho=\pm\infty}=\pm 1$ , $\rho$
, $-$ . $\mathrm{f}1$ ), $\mathrm{f}2$), $\mathrm{f}3$ )
. ( [2, Section 54] .) , $\sigma,$ $t$
$\sigma,$
$t$ . $\Phi_{0}|_{\rho=0}=0$ $\Phi_{0}(\rho, \sigma, t)=\psi(\rho)$
. ( , $f(\phi)=\phi(1-\phi^{2})$ $\psi$ $\psi(\rho)=\tanh(\rho/\sqrt{2})$
Huxley .)
$\psi$ , (13) $\Phi_{1}|_{\rho=\pm}\infty=0$
. $-(V+\kappa)\partial_{\rho}\psi$ $\rho$ $L^{2}(R)$ , Redholm
$L^{2}(R)$ . , $\partial_{\rho\rho}^{2}+f’(\psi)$ , $0$
, $\psi’(\beta)$ , (12) $\rho$ .
$0$ ( [2, p.131], [11, p.10] ). ,




, (12) $\psi(\rho)$ , , $\Gamma(t)$
$V+\kappa=0$
. , (13) $0$ , $\rho$
$b(\sigma, t)$
$\Phi_{1}(\rho, \sigma, t)=b(\sigma, t)\psi J(\rho)$
. $b(\sigma, t)$ .
, $(\mathrm{A}\mathrm{C})$ $O(\epsilon^{3})$ $\Phi_{3}$
$b(\sigma, t)$ , $b(\sigma, t)$ .
, , $\Phi_{2}$ , . ,
. $(\mathrm{A}\mathrm{C})$ ,
, $L^{2}(R)$ $L^{2}(R)$ Fredholm
. – , $\Phi_{j}$ $\rho$ $O(p^{;})$
$L^{2}(R)$ , Fredholm





$\Gamma(t1\ovalbox{\tt\small REJECT}$ 2 $\Omega_{\pm}(t)$ , $\Gamma(t)$ $\epsilon-$
$\Omega_{\epsilon}(t)$ $\phi$ , $\phi=\phi(x, t;\epsilon)$ $k$
$f(\phi)=O(\epsilon)k$ in $\Omega_{\pm}(t)\backslash \Omega_{\in}(t)$
. ( ,




3. 2 $\mathrm{s}_{\mathrm{T}\mathrm{E}\mathrm{p}\mathrm{A}\mathrm{N}}$ $=$ PHASE FIELD
, $(\mathrm{P}\mathrm{F})$ (St) .
, $(\mathrm{P}\mathrm{F})$ $\epsilon$
$\alpha,$
$\lambda$ , $\alpha,$ $\lambda$ $\epsilon$
. ,
13
2 , $\phi$ $\epsilon^{0}$
, $u$ $o(\epsilon^{0})$ . ,
0 C $\Omega$ $\partial\Omega$ $\Omega$ ,
$\partial\Omega$ , $u(x, t)$ – $0$ . , (St)
$(\mathrm{P}\mathrm{F})$
$\epsilon=o(\delta)$ , $\alpha\approx 1$ , $\lambda=O(\delta)$ , $u=O(\delta)$ as $\deltaarrow+0$
$(\mathrm{P}\mathrm{F})$ .
, , $\phi$ $\tilde{F}(\phi;u)=\int_{\Omega}\{\frac{\epsilon^{2}}{2}|\nabla\emptyset|^{2}+\tilde{W}(\phi;u)\}dx$
$\epsilon$ , $\phi$
$(\mathrm{A}\mathrm{C})$ . , $\epsilon$
$(\mathrm{P}\mathrm{F})$ ,






([3, \S 5.3] ).
, $(\mathrm{P}\mathrm{F})$ , $\epsilon$ , $t\approx \mathrm{O}$ $\Omega$ 2
, $(\mathrm{A}\mathrm{C})$ , $u$
. , $\phi$ $O(\epsilon)$
, $u$ ( , $u$
$\nabla u$ ) . , $u$
, $t$ $\epsilon^{-2}t,$ $\epsilon^{-1}t$
. , $\Omega$ 2 $(\mathrm{P}\mathrm{F})$
$(\phi, u)=(\phi(x, t;\epsilon),$ $u(X, t;\epsilon))$ .
3.1. Outer expansion. 2 ( ) , $\phi(x, t;\epsilon)$ $u(x, t;\epsilon)$
$\sum_{j=0^{\epsilon}}^{\infty j}\phi j(X, t)$ $\sum_{j=0}^{\infty}\epsilon^{j}uj(x, t)$ , $(\mathrm{P}\mathrm{F})$










. ( $O(\epsilon^{2})$ .)
$u(x, t;\epsilon)$ $0$ , (19)
3 $\phi_{0}=h-(u\mathrm{o}),$ $\phi_{0=}h_{0}(u\mathrm{o}),$ $\phi_{0}=h+(u_{0})$ . , $-1\approx h_{-}(u_{0})<$
$h_{0}(u_{0})<h_{+}(u_{0})\approx+1$ . , $\phi_{0}=h-(u_{0})$ , $\phi_{0}=h_{+}(u_{0})$
,
$\Omega_{\pm}(t):=\{x\in\Omega|\phi_{0}(x, t)=h_{\pm}(u_{0}(x, t))\}$ $\Gamma(t):=\overline{\Omega\backslash (\Omega_{+}(t)\cup\Omega_{-(t}))}$
. ( , $u$ ,
$\Omega\inf_{+(t)}u_{0}\geq\sup u_{0}\Omega_{-(}t)$
. ) , ,
$\Gamma(t)$ $n-1$ , $t$ , $\partial\Omega$
, $\Gamma(t)$ .
C ) , $\Omega_{\pm}(t)-\mathrm{h}f’(\phi 0)=f’(h_{\pm}(u_{0}))<0$ ( $u_{0}(x, t)\approx \mathrm{o}$
) , (20) , $\phi_{1}=-u_{1}/f’(\phi_{0})$ .
, 2 ,
$\phi_{0}=h_{\pm(u}\mathrm{o})$ , $\phi_{1}=-\frac{u_{1}}{f’(h_{\pm}(u_{0}))}$ in $\Omega_{\pm}(t)$
$(u_{0}+ \frac{\lambda}{2}h_{\pm}(u0))_{t}=\triangle u_{0}$ , $( \{1-\frac{\lambda}{2f’(h\pm(u_{0}))}\}u1)t1=\triangle u$ in $\Omega_{\pm}(t)$
. $\Omega_{\pm}(t)$ $\phi_{0}(x, t),$ $\phi_{1}(x, t)$ $u_{0}(x, t),$ $u_{1}(x, t)$
, $f(\phi)+u=0$ , $\Gamma(t)$ $\phi_{0}$ .
, $\Omega_{\pm}(t)$ ( ) $u_{0}(\chi, t),$ $u1(x, \theta)$ ,
$\Omega_{\pm}(t)$ $\Gamma(t)$ . , $\Gamma(t)$
. .
32. Inner expansion. , $\phi(\cdot, t;\epsilon)$ , $\Gamma(t)$
$\epsilon^{-1}$ , $\mathrm{I}^{\urcorner}(t)$ $(\rho, \sigma, t)$ ,




, $(\mathrm{P}\mathrm{F})$ ’ $(\Phi(\rho, \sigma, t;\epsilon), U(\rho, \sigma, t;\epsilon))$ $(\sigma, t)$ , $\rho$
, $( \sum_{j=0j}^{\infty j}\epsilon\Phi(\rho, \sigma, t), \sum_{j=}^{\infty}\mathrm{o}U\epsilon^{j}j(\rho, \sigma, t))$
$(\rho, \sigma, t)$ . $(\mathrm{P}\mathrm{F})$ ’ ,
(10) (11) $(\mathrm{P}\mathrm{F})’$ $(\rho, \sigma, t)$ $\epsilon$




, $\rho$ $o(\epsilon^{-1})$ , $O(\epsilon^{1})$ ,
(22)
$\partial_{\rho\rho}^{2}\Phi_{1}+f’(\Phi 0)\Phi 1=-U_{1^{-(V}}\alpha+\kappa)\partial\Phi\rho 0$,
$\partial_{\rho\rho}^{2}U_{1}=-(V+\kappa)\partial_{\rho}U0-\frac{\lambda}{2}V\partial_{\rho}\Phi_{0}$
( $O(\epsilon^{2})$ ). , $\epsilon$ ,
$\rho$ $\infty<\rho<+\infty$ .
33. Matching. , $\{\phi_{j}\}_{j=}^{\infty}0$ $\{\Phi_{j}\}_{j0}^{\infty}=$ (14),
(15), (16), . . . , $\{u_{j}\}_{j=0}^{\infty}$ $\{U_{j}\}_{j=}^{\infty}0$ .
, , $\{u_{j}\}_{j=}^{\infty}0$
( ) $\Gamma(t)$ $\Gamma(t)$
.
, (21) , $U_{0}(\rho, \sigma, t)$ $(\sigma, t)$ ,
$\{$
$\partial_{\rho\rho}^{2}U_{0}=0$ , $-\infty<\rho<+\infty$ ,
$U_{0}|_{\rho}=\pm\infty=u0|x=\overline{x}\pm 0N$
, $\rho$ – . ,
$u_{0}|_{x=\overline{x}}+0N=u_{01_{x=}}\overline{x}-^{0}N(=:u_{0}(\overline{x}, t))$ ,
$U_{0}(\rho, \sigma, t)=u\mathrm{o}(\overline{x}(\sigma, t),$ $t)$ .
, (21) , $\Phi_{0}(\rho, \sigma, t)$ $(\sigma, t)$ ,
(23) $\{$
$\partial_{\rho\rho}^{2}\Phi_{0}+f(\Phi 0)+u\mathrm{o}(\overline{X}, t)=0$ , $-\infty<\rho<+\infty$ ,
$\Phi_{0}|_{\rho\infty}=\pm=h\pm(u\mathrm{o}(\overline{X}, t))$
. , fl), $\mathrm{f}3$)
$\int_{h_{-(u)}}^{h}+(u)\{f(\phi)+u\}d\phi\neq 0$ for $u\neq 0$
, (23) $\Phi_{0}$ $u_{0}(\overline{x}, t)=0$ (
[2, \S 5.4] ). ,
$u_{0}|_{x=\overline{x}}\pm 0N=0$ for $\overline{x}\in\Gamma(t)$ ,
$U_{0}(\rho, \sigma, t)\equiv 0$ .
16
, $\Phi_{0}$ $\rho$ – , , $(\mathrm{A}\mathrm{C})$
$0$ $\Phi_{0}(0, \sigma, t)=0$
$\Phi_{0}(\rho, \sigma, t)=\psi(p)$
.
, (22) , $U_{1}(\rho, \sigma, t)$ $(\sigma, t)$
$\partial_{\rho\rho}^{2}U_{1}=-\frac{\lambda}{2}V\psi^{J}(\rho)$ , $-\infty<p<+\infty$
, $\rho$ 1 , $\rho$ $($ \mbox{\boldmath $\sigma$}, $t)$
$\partial_{\rho}U_{1}=-\frac{\lambda}{2}V\psi(\rho)+c(\sigma, t)$ , $-\infty<\rho<+\infty$
. ,
$\partial_{\rho}U_{1}|_{\rho}=\pm\infty=\frac{\partial u_{0}}{\partial N}|_{x=\overline{x}\pm 0N}$
,
$\frac{\partial u_{0}}{\partial N}|_{x=\overline{x}\pm 0N}=\mp^{\frac{\lambda}{2}}V+C(\sigma, t)$
$\text{ }$ $\text{ },$
.
$c(\sigma, t)$ ,
$\lambda V=-[\frac{\partial u_{0}}{\partial N}]_{-}^{+}:=.-(\frac{\partial u_{0}}{\partial N}|_{x=\overline{x}+0}N-\frac{\partial u_{0}}{\partial N}|_{x=\overline{x}-0}N)$
.
$u_{0}$ , $u=u(x, t;\epsilon)$
(24) $\{$
$(u+ \frac{\lambda}{2}h\pm(u))t=\triangle u+o(\in)$ in $\Omega_{\pm}(t)$
$u=O(\epsilon)$ , $\lambda V=-[\frac{\partial u}{\partial N}]_{-}^{+}+O(\epsilon)$ on $\Gamma(t)$
. (St) , $\epsilon,$ $\alpha,$ $\lambda,$ $u$ (
$t$ ) , (24) $O(\epsilon)$
, ,
([3, \S 5.3] ).
, (24) (18) . $\delta$ ,
$u=\delta\overline{u}(\overline{u}=O(1))$ ,
$h_{\pm}(u)= \pm 1-\frac{\delta\overline{u}}{f’(\pm 1)}+O(\delta 2)$
17
. , $\overline{u}>0$ $+$ , $\overline{u}<0$
. , $(h_{\pm}(u))_{t}$ $\pm 1$ , (24)
$\{$
$(1- \frac{\lambda}{2f’(\pm 1)})\overline{u}_{t}+O(\delta)=\Delta\overline{u}-+O(\frac{\epsilon}{\delta})$ in $\Omega_{\pm}(t)$ ,
$\mathrm{o}=o(\frac{\epsilon}{\delta})$ , $\frac{\lambda}{\delta}V=-[\frac{Tu}{\partial N}]_{-}^{+}+$ $( \frac{\epsilon}{\delta})$ on $\Gamma(t)$





. , $(\mathrm{P}\mathrm{F})$ , $\lambda=o(\sqrt{\epsilon}),$ $u=o(\sqrt{\epsilon})$ in $\Omega$ ,
$\{$
$u_{t}=\triangle u+O(\epsilon)$ in $\Omega_{\pm}(t)$ ,
$u=0+o(\epsilon)$ , $\lambda V=-[\frac{\partial u}{\partial N}]_{-}^{+}+O(\epsilon)$ on $\Gamma(t)$
$\phi=h_{\pm}(u)+o(\epsilon)$ in $\Omega_{\pm}(t)$
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